Using the new regularization and renormalization scheme recently proposed c while for D = 3, the RCC has poles for both γ 2 > 0 and γ 2 < 0.
Introduction
The "Gaussian effective potential" (GEP) has proven to be a powerful non-perturbative approac in quantum field theories (QFT). Using the GEP approach, Stevenson etc. found two distinct, non trivial versions of the 3+1 dimensional λφ 4 theory: the "precarious φ 4 theory" and the "autonomou φ 4 theory" [1] , and thus provided a new view point about the triviality of λφ 4 model as a physic theory. Also by GEP, Ingermanson examined the generalized sinh-Gordon and sine-Gordon mod in D + 1 dimensions [2] . The Lagrangian for the model takes in general the form
(1 where m and γ are the mass and coupling constant respectively at tree level. If γ 2 > 0,the classic potential is a cosh curve with a single minimum at the origin; if γ 2 < 0, it is actually a sin
Gordon model with an infinite number of degenerate minimum of the potential. The limiting cas γ 2 → 0 is usually understood to be a free theory of masss m. When D = 1, the sine-Gordon mod is equivalent to a group of other models [3] , namely, the massive Thirring model [4] , the Coulom gas [5] , the continuum limit of the xyz spin= 1 2 model [6] and the massive O(2) non-linear σ-model [5 It is convenient to define β 2 = −γ 2 for discussing the sine-Gordon model. It has been show that the D = 1 sine-Gordon model is superrenormalizable for 0 ≤ β 2 ≤ 4π; renormalizable fo 4π ≤ β 2 ≤ 8π,and nonrenormalizable for β 2 > 8π [7] , the last property was first discovered b
Coleman [4] . Based on GEP, Ingermanson concluded that for D ≥ 3, the model (1) can exist only a a free theory while for D < 3, the vacuum is unstable over a certain range of the coupling constan In Ingermanson's analysis, the integrals
may be divergent or finite. The divergent ones were dealt with without using any cutoff procedur or regularization procedure and were just taken to be as though finite most of the time, and th whole analysis seems to be regularization scheme independent. Yet for D ≥ 3, the fact that I D 2 (µ is divergent was used to lead to the conclusion that the interacting theory is inconsistent for D ≥ Hence, the rule that taking I D n as finite was violated here and there exists such a kind of manipula tional obscurity.
To eliminate this obscurity, we intend to re-analyse the model (1) by the new regularization an renormalization (R-R) scheme, which was proposed by Yang [8] and used by Ni et al recently[9]-[1 Effective Potential, Sine-Gordon though the "derivative regularization" trick has been evolving in the literatures for many years [13 [18] . The spirit is like this: when encountering a superficially divergent Feynmann diagram integr (FDI), we first differentiate it with respect to some parameter such as a mass parameter enough time until it becomes convergent and the integration can be done. Then we reintegrate it with respec to the same parameter the same times. The result is to be taken as the definition of the origin FDI. Then instead of divergence, some arbitrary constants appear in FDI. The appearence of thes arbitrary constants indicates some lack of theoretical knowledge about the model at QFT level unde consideration. The determination of them is beyond the ability of the QFT, instead, they should b fixed by experiment via some suitable renormalization procedure. This new R-R scheme has turne out to be successful in that the whole analysis is quite clearcut and it can give a prediction of Higg mass, m H = 138 GeV in the standard model [11] . Also it provides an elegant calculation in QED e.g. Lamb shift [12] . In this paper our main conclusions agree exactly with those of Ingermanso for D = 1, 2. But for D = 3 there is an important discrepancy : the D = 3 sinh(sine)-Gordo model may be non-trivial. Furthermore, our analysis shows that for D = 1, 2, the running couplin constant (RCC)has poles for γ 2 < 0 and the sinh-Gordon model has a possible critical point γ 2 c whi for D = 3, the RCC has poles for both γ 2 > 0 and γ 2 < 0. In section 2, we give a general analys of the model (1) in the Schrödinger representation and present some known results. In section 3, w analyse the model for D = 1, 2, 3 respectively by the new R-R scheme. The last section is devote to discussions.
General Analysis

GEP and running coupling constant(RCC)
The Lagrangian (1) can be rewritten as
The canonical momentum conjugate to φ is π = ∂L ∂φ =φ (5 and the Hamiltonian reads
The quantization is realized through
which can be satisfied if
In particular, we often choose G(φ) = 0. In Schrödinger representation, the state is described b wave functional Ψ[φ] which satisfies the Schrödinger equation
The first step in Gaussian variational method is to make an ansatz for the Schrödinger wave function for the vacuum
The P, Φ, f are variational parameters. The energy of the variational state eq. (10) is
where
We are interested in finding the effective potential, so we consider the energy of the state with constan xy as
, we have (we often omit the superscript D)
The energy density E is a function of Φ and µ
According to Ritz variational principle [19] , any stationary state (10) is an eigenstate of the discret spectrum of H, and the corresponding eigenvalue is the stationary value of the function (17). Thu we consider the stationary points (μ 2 ,Φ) for E which are solutions of the equations
(As one is interested in the effective potential, one may consider the stationary pointμ 2 and leav Φ free as we will do in the following.) Clearly, if γ 2 > 0,μ 2 is always positive and we have th
)π, (n ∈ N). but eq. (21) confines it to be sin βΦ = 0. S we have an infinite number of stationary points (μ 2 ,Φ n = 2nπ). It is evident that for all stationar points, the energy takes the same value. Therefore, for negative γ 2 , the stationary states are infinite degenerate.
To guarantee that the stationary point is an local minimum, we have to demand that the matr
Effective Potential, Sine-Gordon we have from (21) and (22)
So for M to be positively definite, we should have
The GEP is defined as
where the fuctional relation of µ 2 to Φ is the same as (22) ofμ 2 toΦ. Like the usual effective potenti V ef f obtained by loop expansions [20] , V G has also the physical interpretation: it is the minimum the expectation value of the energy density for all states constrained by the condition that the fiel φ has expectation value Φ. Using (22), V G can be written as
It is straight forward to check that
Clearly, V G acquires its minimum at Φ 0 = 0, which agrees withΦ. (In general, the stationar points of an arbitrary function f (x, y) agree with those of f (x(y), y), where x as a function of y determined by ∂f /∂x = 0, but whether f (x, y) and f (x(y), y) acquire their maximum or minimum simultaneously just depends.)
For later use, we calculate the following derivatives. First we have
From (32) and dthγΦ/dΦ = γ/ch 2 γΦ, we have
Effective Potential, Sine-Gordon
The renormalization is carried out at Φ 0 (it will be referred to as Φ 0 -renormalization) and th renormalized mass and coupling constant are defined by
We see from (40) that the renormalization of the coupling constant depends on that of the mass. W deduce from (35) and (38) that
. Eq(41) just asserts that the renormalized mass, which is in general the energy difference of on particle state and the vacuum [21] , equals the variational parameter.
The Running Coupling Constant
Analogous to that in the λφ 4 model [11] , the running coupling constant (RCC) is defined 3 The New R-R Analysis
Following the spirit of the new regularization, we have
Effective Potential, Sine-Gordon where C, µ 2 s are two arbitrary constants. It can be easily seen that only µ 2 s is non-trivial and is to b determined by some renormalization scheme. Thus we only need the mass renormalization condition
We choose such a scheme that the Φ 0 -renormalized mass is just the mass given at the tree level, i. 1/(2−β 2 /4π) and the breathers have masse
16π−2β 2 ) in the sine-Gordon model [22] - [23] , it seems that the mass scale µ 2 2 ha nothing to do with the soliton masses.
D=2 case.
Now the regularized integrals are The RCC has poles determined by the equations chγΦ = 0 (65
(where we take µ > 0). So the poles are µ 
D=3 Case
Now the regularized integrals I n are
where µ 2 s , C 2 and C 3 are arbitrary constants and C 3 is trivial . So we need both mass renormalizatio and coupling constant renormalization. According to the renormalization scheme (48) we have als
Therefore from (40) we have
To fix µ The bounds for the particle mass of the low-lying excited states can also be obtained. From th gap equation and the fact that
, then the gap equation (72) can be written as
. Consider the solution of this equation by graphical means. First when γ 2 > 0, for φ = 0, the curv of the l.h.s. will intersect that of the r.h.s. at two points: x 1 = 1 and a larger x 2 . As Φ increase the first root increases and the second one decreases. At some critical Φ cri , the two will meet. A Φ increases further, there will be no root for 0 < x < ∞. For Φ < Φ cri , in order to guarantee th local minimun of of E, the root must satisfy eq.(28), i.e. κ ln x > 1 and I 2 = 0. Therefore, for Φ = x = 1 is not definitely the local minimum. In general we have that when
there is only one root of the gap equation. In this case, if βΦ = 2nπ, the root x = 1 is not either th local minimum. Since ln cosβΦ ≤ 0, we have x ≤ 1. Certainly, eq(28) must be also satisfied at th root if it is a local minimum of E.
The analysis of RCC is a little more difficult. Eq(44) gives a pole µ 
Summary and Discussion
We have extracted some physical information of sinh(sine)-Gordon model by using the new Rsheme. We arrive at an important conclusion which is substantially different from [7] . This is perhaps an intrinsic disability the GEP method.
The poles in RCC reflect the intrinsic properties of the model. They are neither the mass solitons nor quite the same as the so-called "Landau pole µ L " like that in QED discussed in previou literatures. In the past, the Landau pole µ L emerges as an singularity or obstruction on the way running of cutoff Λ → ∞, or some arbitrary mass scale µ ( which stems from some regularizatio procedure, e.g. the dimensional regularization) approaching to infinity. Of course, there is som similarity between Landau pole and the largest mass scale in our treatment. For example, in ref. [1 it is found that there are three mass scales characterizing the λφ 4 model, among them, the large one, say µ c , can only be found by non-perturbative method (like GEP) and evolves into the large energy scale in the standard model of particle physics where the φ-field is coupled to gauge fields. A µ c , the system undergoes a phase transition in vacuum (from symmetry broken phase to symmetr one). We guess that similar phase transition would occur also in the models considered in this pape
As in the present R-R scheme, there is no explicit divergence (which is substituted by som constants C, µ s ), no counterterm, no bare parameter and no arbitrary running mass scale (all µ i i our treatment are fixed and all running parametres are physical ones) as well. There is no obtructio in the running of cutoff Λ → ∞ and no bare parametre, say γ 0 either, so there is no contradictio enforcing γ 0 → 0. Hence we claim that there is no "triviality" in D = 3 sinh(sine)-Gordon model a that in λφ 4 model [11] . A useful model should be non-trivial. On the other hand, very probably has some singularities e.g. some poles of RCC, showing the boundary of its applicability. To kno the physics at the singularitis is beyond the ability of the QFT under consideration.
As discussed in ref.
[9], the QFT is not well-defined by the Lagrangian solely. In GEP scheme, model is defined by the effective Hamiltonian
with V G containing some arbitrary constants (C, µ i ). The constant are the necessary compliments t the originalL before the model can be well-defined. They are nothing but the values of mass scale and coupling constants. In some sense, the renormalization in QFT is just like to reconfirm the plan ticket before one's departure from the airport. We must keep the same symbol of parametres, sa m, through out the whole calculation.
Once these constants are fixed, the model is well defined and has some prediction power. Th In summary, the GEP approach combining with the new R-R method does provide a nice calcu lational scheme for non-perturbative QFT.
